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Quantum Hall (QH) states are arguably the most ubiquitous examples of nontrivial topologi-
cal order, requiring no special symmetry and elegantly characterized by the first Chern number.
Their higher dimension generalizations are particularly interesting from both mathematical and
phenomenological perspectives, and have attracted recent attention due to high profile experimen-
tal realizations [1, 2]. In this work, we derive from first principles the electromagnetic response of
QH systems in arbitrary number of dimensions, and elaborate on the crucial roles played by their
modified phase space density of states under the simultaneous presence of magnetic field and Berry
curvature. We provide new mathematical results relating this phase space modification to the non-
commutativity of phase space, and show how they are manifested as a Hall conductivity quantized
by a higher Chern number. When a Fermi surface is present, additional response currents unrelated
to these Chern numbers also appear. This unconventional response can be directly investigated
through a few minimal models with specially chosen fluxes. These models, together with more
generic 6D QH systems, can be realized in realistic 3D experimental setups like cold atom systems
through possibly entangled synthetic dimensions.
I. INTRODUCTION
The discovery of quantum Hall (QH) effects in 2D elec-
tron gases in 1980 and Graphene in 2005 were among
the greatest highlights of modern condensed matter
physics [3–8]. They sparked of the era of topologi-
cally protected order, where topological invariants lead
to exactly quantized measurable quantities like Hall con-
ductivity [9–15]. Indeed, in the last decade, lattice
analogs of QH fluids known as Chern or quantum anoma-
lous Hall insulators have taken central stage in theoret-
ical [16–26] and experimental circles [27–36], with their
dissipationless edge states holding enticing technological
promises [37–45]. More recently, Chern insulators have
also played pivotal roles in theoretical investigations and
experimental realizations of chiral Majorana edge modes
in proximitized topological superconductors [46–50].
While intrinsically 2D phases, QH states can, through
special choices of gauge, also be expressed as indepen-
dent 1D quasiperiodic chains labeled by a synthetic di-
mensional parameter. This fortuitous dimensional re-
ducibility has allowed for realistic 2D implementations
of higher dimensional QH generalizations [51–55]: recent
experiments [1, 2] have demonstrated signatures of the
4D QH effect with ultracold bosonic atoms in optical su-
perlattices and tunable photonic waveguides. In these
setups, a d-dimensional QH system was constructed sim-
ply by taking the tensor product of d2 copies of 2D QH
systems [52], with the resultant d-dimensional magnetic
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flux decomposable into a product of ordinary 2D fluxes.
One can alternatively construct nontrivially “entangled”
higher-dimensional QH states by introducing additional
off-diagonal couplings between the physical and synthetic
dimensions [55], as shall be detailed in Sect.IV B. So
far, existing proposals and experimental realizations have
been limited to 4D QH phases, although QH phases in
5 or more dimensions are just as realizable in princi-
ple [56, 57].
In all time-reversal broken systems including QH fluids
and Chern insulators, small changes in the magnetic field
lead to non-perturbative modifications of the lattice band
structure due to non-commensurability effects, as epito-
mized by the Hofstadter butterfly [58]. Yet, their physical
electromagnetic responses are of course only perturba-
tively modified [52, 59–63]. This suggests the strategy
of separating a generic time-reversal breaking flux into
an “intrinsic” Berry curvature that redefines the band
structure, and an “external” magnetic field that only en-
ters the physical response as a perturbing field [52, 64].
At the level of semiclassical response dynamics, this si-
multaneous presence of magnetic field and Berry curva-
ture seemingly leads to a subtle but interesting violation
of Liouville’s theorem, which can be remedied either by
redefining the phase space density of states [65], or by
resorting to non-canonical coordinates [66, 67]. Both of
these resolutions shall give rise to especially profound
physical consequences in higher dimensions, as we will
detail in this work. Specifically, the interplay of magnetic
field and Berry curvature not only produces a quantized
third Chern number Hall response in 6 or more dimen-
sions, but also yields new current responses when a Fermi
surface is present.
Our paper is structured as follows. In Sect. II, we first
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2derive the semiclassical equations of motion (EOMs) of
electronic wavepackets in the presence of both magnetic
field and Berry curvature, starting from their Lagrangian.
Next we derive new explicit results for the concomitant
modification of the phase space density of states in ar-
bitrary number of dimensions. Combining these results,
we present the current response terms and re-derive the
latter in terms of topological pumping. Following that
in Sect. III, we present minimal models for studying in-
teresting non-topological surface current contributions in
5 or 6 dimensions when a Fermi surface is present. We
next discuss how these 6D QH systems can be realized
with 3D physical systems with 3 synthetic parameters in
Sect. IV, before reviewing specifics of their experimental
realization in cold atom systems in Sect. V.
II. SEMICLASSICAL TRANSPORT OF
ELECTRONIC BANDS WITH NONZERO BERRY
CURVATURE AND FLUX
We consider generic d-dimensional electronic systems
subject to external perturbing electric and magnetic
fields E(r) = Eµ(r)e
µ = −∇µΦ(r) eµ and Bµν(r) =
∂µAν(r) − ∂νAµ(r), where Φ(r) and A(r) = Aµ(r)eµ
are the scalar and vector potentials respectively. In
dimensions d > 3, the magnetic field cannot be vi-
sualized as a vector, but is rather a 2nd-rank tensor
field with d(d − 1)/2 independent components. In-
troducing a lattice regularization if necessary, the en-
ergy eigenstates of the system splits into distinct bands
on the momentum-space d-torus Td. When intrin-
sic time-reversal or inversion/particle-hole asymmetry is
present, each band |ψ〉 will also acquire a Berry curva-
ture Ωµν(k) = ∂µaν(k) − ∂νaµ(k) = i(〈∂kµψ|∂kνψ〉 −
〈∂kνψ|∂kµψ〉), where aµ = −i〈ψ|∂kµψ〉 is the Berry con-
nection.
In this work, we shall assume non-degenerate bands,
such that each band (partially or completed filled) can
be treated separately. The current response j = jµeµ is
given by
jµ =
∫
Td
[r˙µD(r,k)]ddk, (1)
where the electromagnetic fields E, Bµν and the Berry
curvature Ωµν implicitly affect the quantities in the
square parentheses. In the following subsections, we
shall detail how exactly they affect the semiclassical
wavepacket velocity r˙µ, as well as the phase space den-
sity of states D(r,k). The former will be described at
the level of classical equations of motion in Sect. II A,
and recast in terms of topological pumping in Sect. II D.
A. Semiclassical equations of motion
We first attempt to understand the response proper-
ties of an electronic system from the equations of motion
of its semi-classical electron wavepackets. We consider
wavepackets which are much larger than the lattice spac-
ing (∼ 1A˚), such that each of them possesses a single
well-defined peak in momentum space. The wavepack-
ets must also be such smaller than spatial variation of
the magnetic vector potential A(~r), which hence restricts
the external magnetic field to be a weak perturbation.
The external electric field must also be sufficiently weak
for the wave-packet to evolve adiabatically without inter-
band transitions.
Labeling the spatial and momentum-space peaks of a
wavepacket as r = rµeµ and k = kµe
µ, one can write
down the Lagrangian (with e and ~ set to unity)
L = kµr˙
µ + k˙µa
µ(k)− r˙µAµ(r)−H(r,k),
H(r,k) = E(k)− Φ(r). (2)
through minimal coupling of both the magnetic and
Berry gauge fields Aµ(r) and a
µ(k), with the Hamilto-
nian H(r,k) simply given by the sum of the Bloch Hamil-
tonian E(k) and the electrical potential −Φ(r). Solving
the Euler-Lagrange equations with Eq. 2, we obtain the
equations of motion (EOMs) for the wavepacket[68] (Ein-
stein summation implied from now on)
r˙µ = vµ(k)− k˙νΩµν(k), (3)
k˙µ = −Eµ(r)− r˙νBµν(r) , (4)
where vµ = ∂E(k)∂kµ is the group velocity computed from
the wavepacket energy of the unperturbed Bloch band.
In the above, the momentum and positional peak po-
sitions take on symmetrical roles, being linearly accel-
erated by position-momentum duals vµ and −Eµ, and
“curved” by analogously dual fields Ωµν and Bµν . This
position-momentum symmetric formulation pertains to
wavepackets in any number of dimensions d, and is one of
many examples of position-momentum duality. In related
contexts, position-momentum symmetry has been em-
ployed to prove results in the free-fermion entanglement
spectra of spin textures and thermalized systems [69, 70].
Very prevalently, it has also allowed an elegant formu-
lation of 2D QH dynamics in terms of cyclotron and
guiding-center coordinates [71, 72], which has inciden-
tally been exploited for relating fractional QH phases in
lattice and continuum systems [24].
By repeatedly substituting Eq. 4 into Eq. 3, we can ob-
tain the equation of motion for the center-of-mass (CM)
velocity r˙ up to any desired level of accuracy. For in-
stance, up to the third order in Eµ and Bµν ,
3r˙µ = vµ + EνΩ
µν + r˙γBνγΩ
µν
= vµ + EνΩ
µν +
(
vγ + EδΩ
γδ + r˙αBδαΩ
γδ
)
BνγΩ
µν
≈ vµ + EνΩµν +
(
vγ + EδΩ
γδ +
(
vα + EβΩ
αβ + vθBβθΩ
αβ
)
BδαΩ
γδ
)
BνγΩ
µν (5)
Since our eventual purpose is to obtain only the leading-
order terms of each type of transport contribution, we
have neglected field-induced shifts in the wavepacket CM,
which can be expressed in terms of the quantum geomet-
ric metric as in Ref. [73].
B. Modification of density of states
A central foundation of Hamiltonian mechanics is Li-
ouville’s theorem, which states that the phase space vol-
ume must remain conserved under time evolution, i.e.
that d(ln ∆V )dt = ∇r · r˙ +∇k · k˙ should vanish for a suit-
ably defined volume form ∆V . With the EOMs in Eqs. 3
and 4, it is easy to show, at least in 2D [65, 66], that
the simultaneous existence of Berry curvature and mag-
netic field lead to non-conservation of the naively defined
volume element ∆Vnaive = ∆r∆k. To derive the prop-
erly conserved volume element and remedy this apparent
conundrum, we rewrite the EOMs Eqs. 3 and 4 in the
language of Hamiltonian dynamics:
r˙µ = {H, rµ}, k˙µ = {H, kµ}, (6)
where {u, v} is the Poisson bracket defined by {u, v} =
ωµν∂µu ∂νv. ω
µν is the inverse of the matrix ωµν , which
defines the closed symplectric structure of this Hamilto-
nian system, and famously gives the volume element
∆V = Pf(ωµν)∆r∆k (7)
that will indeed remain conserved under time evolu-
tion [66]. Pf denotes the Pfaffian, the square root of
the determinant operator on an even-dimensional anti-
symmetric matrix. To compute the modification factor
Pf(ωµν), we contract Eq. 6 with ωµν = (ω
µν)−1 and ob-
tain ωµν as the real antisymmetric transformation matrix
between (r˙, k˙) and (E,v), i.e.
ωµν =
(−B −Id×d
Id×d Ω
)
(8)
where B and Ω are the magnetic and Berry curvature
tensors respectively. With a detailed derivation left to
Appendix I, we obtain our main result on the modifica-
tion to the density of states:
D(r,k) =
1
(2pi)d
Pf(ωµν) =
1
(2pi)d
√
det(Id×d −BΩ)
=
1
(2pi)d
1 + µ1µ2...µdεν1ν2...νd∑
j>0
1
42j−1(d− 2j)!
(
j∏
l=1
Bµ2l−1µ2lΩ
ν2l−1ν2l
)
d∏
l′=2j+1
δµl′ ,νl′
 , (9)
where εµ1µ2...µd , εµ1µ2...µd are generalized Levi-Civita
symbols which are equal to the sign of the permutation
{µ1, ..., µd} for unique µj indices, and vanish if there is
any repeated µj indices. As such, for a given number
of dimensions d, only 2j-th order terms with j ≤ bd2c
exist. Eq. 9 generalizes previous results [52, 65] to arbi-
trary number of dimensions d, with expressions for the
first several d given by
Dd=2D/3D =
1
(2pi)d
[
1 +
1
2
BµνΩ
µν
]
, (10)
Dd=4D/5D =
1
(2pi)d
[1 +
1
2
BµνΩ
µν +
1
64
(
εαβγδBαβBγδ
)
× (εµνλρΩµνΩλρ)], (11)
4D6D/7D =
1
(2pi)d
[1 +
1
2
BµνΩ
µν +
1
64
(
εαβγδBαβBγδ
)
× (εµνλρΩµνΩλρ)+ 1
1024
(
εζηθτκξBζηBθτBκξ
)
× (εσωιφχψΩσωΩιφΩχψ)] , (12)
In the above, there is an implicit sum over all possi-
ble subsets of indices whenever the there are more di-
mensions than indices, i.e. the term containing εαβγδ
will be summed over all 4-element subsets α, β, γ, δ ∈
{1, 2, 3, 4, 5} in the 5D case. This is consistent with the
physical intuition that additional synthetic dimensions
should only result in new response terms, and not mod-
ify existing terms.
C. Leading order current response terms
Having discussed the semiclassical EOMs and how they
crucially modify the density of states, we are now ready
to present results for the electromagnetic response.
In four or fewer dimensions, it is well-established [52]
that the response of an insulating electronic system (with
completed filled band) is completely quantized, with a
Hall response term proportional to the 1st Chern num-
ber, and a magneto-electric response term proportional
to the 2nd Chern number. Analogous results hold in
higher dimensions. Specializing to six dimensions in an-
ticipation of the physically realizations discussed later, a
6D insulating system has a bulk response current:
jµ = jµbulk =
∫
T6
d6k[r˙µD(r,k)]
=
Cµν1
2pi
Eν +
1
2
Cµαβν2
(2pi)2
BαβEν
+
1
8
C3
(2pi)
3 ε
µαβδγνBαβBδγEν (13)
In the above, Cµν1 , Cµαβν2 and the topologically quantized
third Chern number C3 are given by
Cµν1 =
1
(2pi)5
∫
T6
Ωµνd6k (14)
Cµαβν2 =
1
(2pi)4
∫
T6
(
ΩµαΩβν−ΩµνΩβα+ΩβµΩαν) d6k
(15)
C3 = 1
3!× (2pi)3
∫
T6
Ω ∧ Ω ∧ Ω
=
1
8pi3
∫
T6
(
ΩzsΩwtΩxy + ΩwtΩxsΩyz − ΩzsΩxwΩyt
+ ΩzwΩxsΩyt + ΩzsΩxtΩyw − ΩztΩxsΩyw
− ΩwtΩxzΩys − ΩzwΩxtΩys + ΩztΩxwΩys
− ΩzwΩxyΩst − ΩxwΩyzΩst + ΩxzΩywΩst
+ ΩztΩxyΩsw + ΩxtΩyzΩsw − ΩxzΩytΩsw) d6k
(16)
Note that Cµν1 and Cµαβν2 are computed with respect to
{µ, ν} and {µ, α, β, ν} hyperplane subsets of the 6D space
respectively. Eq. 13 can be put into explicit covariant
form if we were to explicitly write it in terms of the gen-
eralized Levi-Civita symbols.
In the metallic case (with a Fermi surface ∂Γ), it is
known for d ≤ 4 that there exists a distinct surface term
producing a non-topological surface current[74] jsurf , in
addition to corrections to the Chern number contribu-
tions from Eq. 13. For five or more dimensions, this
surface current takes a much more sophisticated form.
Firstly, jµbulkceases to be topologically quantized, with
its integration region bounded by ∂Γ. Importantly, the
total response current jµ =
(
jµbulk + j
µ
surf
)
|T6→Γ now
contains a new contributionjµsurf given by
jµsurf =
∫
Γ
d6k
(2pi)6
(
vγBνγΩ
µν +
1
2
vµBγνΩ
γν
)
+
∫
Γ
d6k
(2pi)6
[(
vαBδαΩ
γδ +
1
2
vγBδαΩ
δα
)
BνγΩ
µν
+
1
64
vµ(ε
αβγδBαβBγδ)× (εξνλρΩξνΩλρ)
]
(17)
As will be explicated in Appendix II, both the surface
current jsurf and the topological 3rd Chern number C3
arise from a careful combination of EOM and density of
states modifications (Eqs. 5 and 9), though with the l-th
order correction entering only the jsurf in 2l+ 1 dimen-
sions. Note that Eq. 17 includes only leading (quadratic)
order contributions in the magnetic field; we leave the
study of its higher order corrections to future work.
D. Semiclassical topological pumping
After examining the wavepacket equations of motion
and deriving its semiclassical transport current, which in
general does not have to be parallel to the applied fields,
it is instructive to re-derive these results for some lower
dimensions in terms of topological (Thouless-like) pump-
ing arguments. For the sake of clarity, in this subsection
we shall adopt somewhat different notation from the rest
of this paper.
Consider the motion of a Bloch wavepacket centered
around momentum ~k and real-space coordinate X~k under
the influence of a Berry curvature Ω. Semiclassical theory
tells us that X~k responds to an external electric field E =
Ese
s according to X˙~k = −k˙ × Ω, where ks → ks + Est
from minimal coupling. Hence, we have
Xs~k(t) = (ks + Est)Ωxs = X
s(0) + ΩxsEst (18)
where the superscript s has been added to emphasize that
the time dependence of X is due to an electric field in the
direction sˆ. This is just the Hall response of wavepackets.
51. Spectral flow for 2D QH
We next generalize the above Hall response to spec-
tral flow due to topological pumping. For a 2D QH sys-
tem in the x-s plane, the spectral flow of Wannier func-
tion centers is directly related to the Hall pumping of its
constituent wavepackets. We write the time-dependent
Wannier center coordinate as X(t), which is equal to the
Wannier polarization P (ks) upon the minimal coupling
ks → ks + Est:
X(t) = PX(ks + Est)
=
1
2pi
∫ 2pi
0
∫ ks+Est
0
Ωxs(k
′
x, k
′
s)dk
′
sdk
′
x
∼ (ks + Est) 1
(2pi)2
∫ 2pi
0
∫ 2pi
0
Ωxs(k
′
x, k
′
s)dk
′
sdk
′
x
= (ks + Est)
∫
[0,2pi]2
Ωxs
(2pi)2
d2~k′
= X(0) +
Cxs1
2pi
Est
=
1
(2pi)2
∫
[0,2pi]2
Xs~k′(t)d
2~k′ (19)
In the 2nd line, I have used the standard expression for
the Wannier polarization [75–77] PX of X(t) due to ks,
which for macroscopic displacements can be linearly ap-
proximated as in line 3. In the second last line, I have
equivalently expressed X(t)−X(0) in terms of the Chern
number Cxs1 .
Not surprisingly, the Wannier center X(t) is given, in
the last line, by the integral of the centers of all wavepack-
ets in the BZ.
2. Spectral flow for 4D QH
We next illustrate how to generalize this pumping ar-
gument to 4 dimensions. Notably, we shall see that the
modification of the density of states must be included to
recover the correct response behavior given by the Chern
numbers.
With 4 dimensions, there exists nontrivial pumping
contributions up to 2nd order in the perturbing fields
E and B. Let the 4D QH system span coordinates x, y, s
and u. Qualitatively, we know that the combination of
electric field Eu and magnetic field Bys can lead to the
pumping of X(t) through three possible mechanisms:
1. Direct Hall response via ku → ku + Eut,
2. Second order Hall responses mediated by the mag-
netic field via ks → ks + BsyY (t) and ky →
ky + BysS(t), where Y (s) and S(t) are themselves
pumped by Eu, and
3. Second order corrections from phase space modifi-
cation due to the magnetic field.
Explicitly, we have
X(t) =
∫
dX(t)
dt
dt
=
1
(2pi)4
∫
[0,2pi]4
∫
[X˙u~k′(t) + X˙
s
~k′
(t) + X˙y~k′
(t)]dt d4~k′
=
1
(2pi)4
∫
[0,2pi]4
[Xu~k′(t) +X
s
~k′
(t) +Xy~k′
(t)]d4~k′
=
1
(2pi)4
∫
[0,2pi]4
[(ku + Eut)Ωxu + (ks +BsyY
u
~k′
(t))Ωxs + (ky +BysS
u
~k′
(t))Ωxy]d
4~k′
=
1
(2pi)4
∫
[0,2pi]4
[(ku + Eut)Ωxu + (ks +Bsy(ku + Eut)Ωyu)Ωxs + (ky +Bys(ku + Eut)Ωsu)Ωxy]d
4~k′
= X(0) +
t
(2pi)4
∫
[0,2pi]4
[EuΩxu +BsyEuΩyuΩxs +BysEuΩsuΩxy]d
4~k′
= X(0) +
Eut
(2pi)4
∫
[0,2pi]4
[Ωxu +BsyΩyuΩxs +BysΩsuΩxy]
[
Dd=4 d
4~k′′
]
≈ X(0) + Eut
(2pi)4
∫
[0,2pi]4
[Ωxu +BsyΩyuΩxs +BysΩsuΩxy]
[
(1 +BysΩys) d
4~k′′
]
≈ X(0) + Eut
(2pi)4
∫
[0,2pi]4
Ωxud
4~k′′ +
BysEut
(2pi)4
∫
[0,2pi]4
[ΩxuΩys − ΩxsΩyu + ΩxyΩsu]d4~k′′
= X(0) +
Cxu1
2pi
Eut+
C2
(2pi)2
BysEut (20)
6The above derivation began by considering all the above
three momentum-resolved wavepacket contributions to
X(t), and arrived at the final results via repeated ap-
plications of Eq. 19. The phase space modification factor
Dd=4 =
√
1 +BµνΩµν + higher order ≈ 1 + BysΩys is
seen to play a crucial role in producing the term contain-
ing Ωys: without it, the integral giving rise to the 2nd
Chern number C2 will not be complete or even symmet-
ric. Note that higher order corrections must disappear in
4D systems due to antisymmetry.
Indeed, we recover the 2nd-order response equation be-
havior (Eq. 13) derived earlier. While the 1st Chern num-
ber term arises simply from the direct Hall response, the
2nd Chern number term arises via a combination of two
different second order Hall responses channels, as well
as the density of states correction term BysΩys. While
the latter contribution cannot have possibly originated
from any Hall pumping, its appearance is necessary for
constructing the integrand for the 2nd Chern number.
3. Further interpretations for unentangled
higher-dimensional QH
In the case of unentangled (factorizable) 4D states that
can be expressed as a tensor product of 2D QH states
in x-s and y-u space, only the product ΩxsΩyu in the
integrand of C2 survives. In this case, the Wannier center
flow subject to an electric field Eu and magnetic field
B0 = Bsy is
XB0untangled(t) = PX(ku(t)) + PX(BsyPY (ku(t))) (21)
where ku = Eut by minimal coupling, and PX , PY are
the expressions for Wannier polarization in the X and
Y directions. To isolate the 2nd Chern number term
from Eq. 21, one can take differences between separate
measurements to obtain
XB0untangled(t)−X−B0untangled(t) = 2PX(BsyPY (ku(t)))
(22)
For the 6D entangled case, one can analogously consider
an electric field Ev viz. kv = Evt, and magnetic fields
B1 = Bsy, B2 = Buz. The response of the averaged
wavepacket due to all 1st, 2nd and 3rd Chern numbers
is thus given by
XB1,B2untangled(t) = PX(kv(t)) + PX(BsyPY (kv(t)))
+PX(BsyPY (BuzPZ(kv(t))) (23)
Similarly, we can take differences and obtain
XB1,B2untangled(t)−XB1,−B2untangled(t) = 2PX(BsyPY (BuzPZ(kv(t)))
∼ 2C3
(2pi)3
B1B2Ev t, (24)
the final linear approximation holding for large kv(t) =
Evt.
E. Non-commutativity and phase-space
modification
From the above discussions, it has been apparent that
electronic transport does not just arise from “bare” elec-
tron dynamics, but is also affected by how the phase
space distorts around it. This distortion can be inter-
preted as the “smudging” of the electron itself. Promot-
ing the Poisson brackets in Sect. II B to operator com-
mutators, we see that
ωµν = −i
(
[rˆµ, rˆν ] [kˆµ, rˆν ]
[rˆµ, kˆν ] [kˆµ, kˆν ]
)
= ω−1µν =
(−B −Id×d
Id×d Ω
)−1
=
(
Ω(I−BΩ)−1 (I− ΩB)−1
−(I−BΩ)−1 −(I−BΩ)−1B
)
≈
(
Ω + ΩBΩ + ... I+ ΩB + (ΩB)2 + ...
−(I+BΩ + (BΩ)2 + ...) −(B +BΩB + ...)
)
(25)
To leading order, we simply obtain [rˆµ, rˆν ] = iΩµν ,
[kˆµ, kˆν ] = −iBµν and [rˆµ, kˆν ] = i(δµν + ΩµλBλν), which
sets a lower bound for the amount of uncertainty in the
phase-space coordinates of an electron, i.e. how much it
is “smudged” due to the magnetic and Berry curvature
fields. As expected, a magnetic field B causes the elec-
trons to move in space cyclotron orbits, thereby smudg-
ing it in momentum-space. Analogously, a Berry flux Ω
smudges it in real-space, contributing to a topological ob-
struction for localized Wannier functions. Nontrivial cor-
rections to these occur precisely when both B and Ω are
present. In particular, there will be smudging across the
real and momentum space coordinates, with electrons ef-
fectively executing phase-space “cyclotron” motion that
leads to corrections to the transport.
Due to the antisymmetry of both B and Ω tensors, it
can be shown that ωµν and hence all commutators are
the quotient of the sum of products of matrix elements
of B and Ω with D(r,k) = Pf(ωµν) =
√
Det(I−BΩ).
For instance,
[rˆµ, kˆµ] = i[(I− ΩB)−1]µµ =
Dµ(r,k)
D(r,k)
(26)
where Dµ is the density of states factor in the space with
dimension µ omitted. In general, the commutators have
rather complicated expressions in arbitrary number of
dimensions involving the explicit form of (I − ΩB)−1 or
(I−BΩ)−1. Closed form exact expressions can be easily
derived for low dimensions however. For d = 2 dimen-
7sions,
[rˆµ, rˆν ]d=2 =
iΩµν
1 + Ω12B12
(27)
[kˆµ, kˆν ]d=2 =
−iBµν
1 + Ω12B12
(28)
[rˆµ, kˆν ]d=2 =
iδµν
1 + Ω12B12
(29)
as appearing in Refs. [65] and [66]. For d = 4 dimensions,
[(I − BΩ)−1]νµ = 1Dd=4(r,k) [δνµ(1 − BαβΩαβ) + BµαΩαν ],
and we have
[rˆµ, rˆν ]d=4 = i
Ωµν(1−BαβΩαβ) + (ΩBΩ)µν
Dd=4(r,k)
(30)
[kˆµ, kˆν ]d=4 = −iBµν(1−BαβΩ
αβ) + (BΩB)µν
Dd=4(r,k)
(31)
[kˆµ, rˆ
ν ]d=4 =
i[δνµ(1−BαβΩαβ) +BµαΩαν ]
Dd=4(r,k)
(32)
where Dd=4(r,k) is given in Eq. 11. These exact ex-
pressions should be contrasted with those in the last line
of Eq. 25, which do not contain phase space correction
denominators.
FIG. 1. Cartoon picture of electrons moving under the si-
multaneous influence of magnetic field and Berry curvature.
They exhibit “cylotron” orbits in phase space, thereby behav-
ing like “smudged” particles with uncertainties in their coor-
dinates proportional to the commutator between their phase
space coordinates.
III. MINIMAL MODELS FOR NOVEL SURFACE
CURRENT jµsurf IN 5D AND 6D
In this section, we examine the properties of the new
non-topological surface currents through some minimal
models with a Fermi surface. These are the simplest
models that yield a nonvanishing 2nd order jµsurf , and
can in principle be realized with any tight-binding model
by placing nonzero flux across the stipulated plaquettes.
Note that we will only be focusing on the current contri-
butions of 2nd order in B and Ω, i.e. second and third
lines of Eq. 17, which appear only in 5 dimensions and
beyond.
A. 5D case
Consider a 5D electronic metallic system consisting
of 3 spatial dimensions {x, y, z} and 2 synthetic dimen-
sions {s, w}. One possible minimal model consists of just
two nonzero components of the magnetic field Bµν , and
three nonzero components of the Berry curvature Ωµν .
Namely, we have uniform magnetic fields
Bxy = −Byx 6= 0,
Bsw = −Bws 6= 0, (33)
and uniform Berry curvatures
Ωxz = −Ωzx 6= 0,
Ωys = −Ωsy 6= 0,
Ωzw = −Ωwz 6= 0, (34)
This configuration gives a non-topological current density
jµsurf,5D in the e
z direction:
jxsurf,5D = j
y
surf,5D = j
s
surf,5D = j
w
surf,5D = 0
jzsurf,5D =BxyBsw
∫
Γ
d6k
(2pi)6
Ωsy
(
∂E
∂kw
Ωxz +
∂E
∂kx
Ωzw
)
(35)
We see that jzsurf,5D should exist for Γ 6= T6 as long as the
Berry curvatures are not all uniform, which is generically
the case. Note, though that the gradients of Ω, if not
already zero, have to be related by the Bianchi identities
(see Ref. 25 for a systematic way of making the Berry
curvatures uniform). Bxs and Ω
xz can be implemented
as external and intrinsic physical fluxes, while Byw,Ω
ys
and Ωzw can be implemented as phase factors associated
with synthetic parameters y and w. Realistic systems
will in general possess other non-vanishing fluxes that
change the direction of jzsurf,5D, but they will not cause
the latter to vanish when the Fermi surface vanishes.
B. 6D case
Analogous to the 5D case, a minimal model for the 6D
metallic case with 3 spatial dimensions {x, y, z} and 3
synthetic dimensions {s, w, t} is given by uniform mag-
netic fields
Bxw = −Bwx 6= 0,
Bst = −Bts 6= 0, (36)
and uniform Berry curvatures
Ωxy = −Ωyx(kx, ks) 6= 0,
Ωsw = −Ωws(ky, kw) 6= 0, (37)
Ωzt = −Ωtz(kz, kt) 6= 0,
8which gives rise to a non-topological surface current con-
tribution
jxsurf,6D = j
s
surf,6D = j
w
surf,6D = j
t
surf,6D = 0
jzsurf,6D =BxwBst
∫
T6
d6k
(2pi)6
(
∂E
∂kx
ΩztΩsw
)
(38)
jysurf,6D =BxwBst
∫
T6
d6k
(2pi)6
(
∂E
∂kt
ΩxyΩsw
)
(39)
Both nonzero current components are almost identical,
except for the swapping of the roles of x and t compo-
nents. As before, jsurf,6D should not vanish unless the
Fermi surface vanish.
IV. REALIZATIONS OF 6D QH STATES IN 3
PHYSICAL DIMENSIONS
Having developed the response formalism for higher-
dimensional QH systems, we now present a general ap-
proach for realizing them in 3-dimensional physical space.
Building going on to 6D QH models that are realized in
3-dimensional space, we first describe how 2D QH models
can be realized in one physical dimension plus one syn-
thetic dimension. In Refs. [55, 78–80], it was shown that a
2D lattice system under the influence of a magnetic field
(Hofstadter model) can, with suitable gauge choice, be
expressed as a so-called 1D Aubry-Andre´-Harper (AAH)
model with a synthetic parameter. To understand this,
consider a square lattice with horizontal (x-direction)
hoppings t and vertical hoppings λ. If we choose a gauge
such that each vertical hopping (but not horizontal hop-
ping) contains a gauge phase of e2piibx, the entire lattice
will be threaded with a uniform (internal) magnetic field
with each square plaquette experiencing a flux of 2pib.
Due to translational symmetry in the vertical direction,
we can perform a partial Fourier transform such that k
represents the lattice momentum in the vertical direction.
The hopping Hamiltonian hence looks like
H2D =
∑
k
∑
x
λ
(
e2piibxeik + c.c.
) |ψx(k)〉〈ψx(k)|
+ t [|ψx(k)〉〈ψx+1(k)|+ |ψx+1(k)〉〈ψx(k)|]
→
∑
k,x
(λ cos(2pibx+ k)|ψx〉〈ψx|+ t|ψx〉〈ψx+1|+ h.c.)
=
∑
k
HAAH1D (k) (40)
which can be interpreted as a collection of decoupled 1D
AAH chains given in the penultimate line. Each AAH
chain has an onsite energy term with periodicity 1/b and
offset k, and a uniform nearest-neighbor hopping t. For a
rational flux b = pq with GCD(p, q) = 1, the AAH Hamil-
tonian splits into an effective q band Hamiltonian. In
this sense, a change of magnetic field, no matter how
small, changes the band structure non-perturbatively.
Indeed, when the flux b becomes irrational, HAAH1D be-
comes a quasiperiodic chain with dispersionless Landau
Levels. That said, the physical responses remain per-
fectly smoothly defined, as derived in the previous section
where the fields are taken as external perturbations.
A. Unentangled 6D QH system with 3rd Chern
number
The most direct way of achieving a 6D QH system is to
construct it as a tensor product of three 2D QH systems,
each represented by a 1D AAH model, i.e.
H6D =
∑
x
[∑
i
λi cos(2pibxi + ki)
]
|ψx1,x2,x3〉〈ψx1,x2,x3 |
+ t (|ψx1+1,x2,x3〉〈ψx1,x2,x3 |+ h.c. )
+ t (|ψx1,x2+1,x3〉〈ψx1,x2,x3 |+ h.c. )
+ t (|ψx1,x2,x3+1〉〈ψx1,x2,x3 |+ h.c. ) (41)
whose energy spectrum is shown in Fig. 2 for flux b =
p/q = 1/4, i.e. with each magnetic unit cell consisting of
q = 4 sites.
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FIG. 2. a) The energy spectrum of the 6D AAH model
(Eq. 41) with λ1 = λ2 = λ3 = 3t = 1.5 and b = 1/4 nu-
merically solved with a 4 × 4 × 4 super-cell for a) periodic
and b) open boundary conditions, where gapless states (small
black boxes) that traverse the bulk gap appear, indicative of
a nontrivial Chern number. c) The density plot of the en-
ergy eigenstate (small black box at kw = kt = kx = ky =
kz = 0, ks = −0.783) for open boundaries in the x-direction.
We observe clear localization in the x-surface, in fact at its
corners due to C4 symmetry.
As a tensor product of three AAH models, this 6D QH
state possess a 3rd Chern number [60] that is the tensor
product of three 1st Chern numbers:
C3 = 1
3!(2pi)3
∫
T6
Ω ∧ Ω ∧ Ω
=
1
(2pi)3
(∫
T2
Ω
)
×
(∫
T2
Ω
)
×
(∫
T2
Ω
)
=Cxs1 Cyw1 Czt1 , (42)
9with the 3 spatial dimensions and their 3 corresponding
synthetic dimensions labeled as x, y, z and s, w, t respec-
tively.
B. Entangled 6D QH system with 3rd Chern
number
Although the 6D system described by Eq. 41 is a bona-
fide 6D QH system with electronic response given by the
earlier sections, its spectral flow properties can be en-
tirely understood in terms of those of its constituent 1st
Chern number systems. To generate a 3rd Chern number
system that is not such a trivial tensor product, the sim-
plest approach is to mix (or entangle) their directions of
spatial modulation [55]: (x1, x2, x3)
T → R(x1, x2, x3)T ,
where R is a orthogonal matrix. Since the t-couplings
that define the 3D lattice remain unchanged, the R ro-
tation effectively couples the different copies of the AAH
models. If the R matrix is replaced by a generic non-
degenerate 3-by-3 matrix, we will obtain a 6D QH sys-
tem that is mixed in a nontrivial though not necessarily
symmetrical manner.
For illustration, consider the rotated onsite energy
modulation of the form
E(x, y, z) = cos(2pib(x+ y − z) + ks)
+ cos(2pib(x− y + z) + kw)
+ cos(2pib(y + z − x) + kt), (43)
with b rescaled for simplicity. The original synthetic di-
mension parameters ks, kw and kt remain unchanged.
Explicitly, we obtain the entangled 6D QH Hamiltonian
H ′6D =λ
∑
x,y,z
E(x, y, z)|ψx,y,z〉〈ψx,y,z|
+ t (|ψx+1,y,z〉〈ψx,y,z|+ h.c. )
+ t (|ψx,y+1,z〉〈ψx,y,z|+ h.c. )
+ t (|ψx,y,z+1〉〈ψx,y,z|+ h.c. ) (44)
whose spectrum is plotted in Fig. 3.
V. PHYSICAL REALIZATION AND
TOPOLOGICAL RESPONSE MEASUREMENT
OF 3RD CHERN NUMBER
In the previous section, we have discussed how peri-
odically modulated AAH systems with synthetic dimen-
sional offsets can possess higher Chern numbers. In the
quasiperiodic limit, the Chern bands become flat Lan-
dau levels, effectively simulating higher-dimensional QH
systems with uniform magnetic field. It is important to
note, however, that quasiperiodicity is not a necessary in-
gredient - Chern bands can emerge even with a relatively
small unit cell, as long as the modulations are defined to
result in nonvanishing effective flux.
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FIG. 3. The energy spectrum of the entangled 6D AAH model
(Eq. 44), also with λ=λ2 = λ3 = 3t = 1.5 and b = 1/4, for a)
periodic and b) open boundary conditions. Due to the non-
trivial coupling between the different copies of AAH models,
numerous additional sub-bands appear. Gapless degenerate
topological boundary states (small black boxes) that traverse
the bulk gap appear, and are similarly plotted in c) as in the
previous figure except that ks = −1.553. The state is clearly
localized in the x-surface.
For realistic implementation, we consider a 3D optical
lattice of ultracold atoms, the 2D version for which has
already been experimentally realized [1, 81]. Consider
an optical potential that is modulated by two sinusoidal
profiles in each direction, as illustrated in Fig. 4:
Φ(x) =
∑
i
(
φi sin
2(bpixi) + φ
′
i sin
2(b′pi(Rxi)− ki)
)
(45)
where R is the rotation matrix introduced in Sect. IV B,
b, b′ are dissimilar inverse periods and φi, φ′i are modu-
lation potential depths which can be different in differ-
ent directions i. Due to the interference between the
two modulations, we obtain an effective flux that leads
to higher Chern bands, as elaborated in Ref. [1]. When
R 6= I3×3, i.e. in Eqs. 43 or 44, the constituent Chern sys-
tems are coupled, resulting in an entangled higher Chern
(or QH) phase. The synthetic momenta are implemented
by the phase offsets ki, which can be controlled by slightly
tilting the optical lattice.
For simplicity, 1/b can be taken to be the spacing of
the 3D lattice (Fig. 4b), while 1/b′ shall correspond to an
imposed modulation period (Fig. 4c). The potential φi
is given by the blue potential in Fig.4c, which fixes the
atoms on lattice sites, while the potential φ′i introduces
the local modulation as given by the red potential. Tak-
ing the s-wave approximation, Eq. 45 describes a spatially
modulated tight-binding Hamiltonian similar to Eq. 44,
with effective flux of magnitude 2pib~eaa′ in a direction deter-
mined by the matrix R, where e is the electronic charge
and a, a′ are the lattice constants in the two directions
connected by R.
To detect the higher-dimensional QH transport prop-
erties, an external electric field Eµ has to be introduced
into the cold-atom system. For that, one can implement
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FIG. 4. The cold-atom setup for the 6D quantum Hall (QH)
system of Eq. 45, with external magnetic fields Bxw and Byt,
illustrated for the unentangled case R = I3×3. a) 3D car-
toon of the cold-atom system. The lattice sites are formed by
the potential in Fig. 4(b), with each sphere denoting a cold
atom. b) The system is modulated periodically by the sum
of two sub-potentials (orange), as given by Eq. 45. The blue
potential denotes the on-site modulation we set to the system
and the red potential denotes the potential that pins the cold
atoms to the lattice sites.
a linear gradient [82] either magnetically [83, 84] or op-
tically [85]. The current, whether jsurf or the topologi-
cal contribution, can also be indirectly measured via the
center-of-mass velocity of an atomic cloud after account-
ing for the density of states correction [86, 87].
For illustration, we focus on the lowest 6D band, which
for appropriate choices of uniform magnetic fluxes is non-
degenerate and well-isolated from the higher bands. Sup-
pose all the Berry curvature components are zero except
for:
Ωxs = −Ωsx(kx, ks) 6= 0,
Ωyw = −Ωwy(ky, kw) 6= 0, (46)
Ωzt = −Ωtz(kx, ks) 6= 0,
We will choose, with no loss of generality, the perturb-
ing (synthetic) electric field to be along the s direction
i.e. E = Ese
z as in Fig.4 a. However, in 6D, different
choices for the perturbing magnetic field will lead to dra-
matic differences in the observables. If we choose the
only nonzero external magnetic field components to be
Bxw and Byt, the current density j in this experimental
setup is explicitly given by:
jx =C1Es ,
jy =− C2
(2pi)4
EsBxw ,
jz =
C3
(2pi)3
EsBxwByt ,
js =jw = jt = 0 (47)
which is schematically shown in Fig.4a. The various
Chern numbers C1, C2 and C3 can then be independently
obtained by measuring the various current density com-
ponents.
VI. CONCLUSION
Starting from the very first principles, we have de-
rived electromagnetic response properties of arbitrarily-
dimensioned QH systems through the complementary ap-
proaches of semiclassical wavepacket dynamics and topo-
logical pumping arguments. Together, they illustrate the
crucial role of a modified phase space density of states
when magnetic field and Berry curvature are simultane-
ously present. This modification becomes all the more
nontrivial in higher dimensions, where it provide the
crucially missing pieces in the Chern invariants for the
topological response. We derived some new mathemati-
cal results for it and interpreted them in terms of non-
commuting phase space dynamics.
Notably, we have explored new surface current con-
tributions jsurf in dimensions greater than four, which
appear in addition to the usual topological terms. We
provided minimal models for investigating this enigmatic
term, at least up to its leading order. These models, as
well as the paradigmatic 6D QH systems, can be realized
in realistic 3D experimental setups like cold atom systems
through possibly entangled products of AAH chains.
Subsequent to the initial appearance of our manuscript
on arXiv, we become aware of a related work (Ref. 88)
on higher-dimensional QH systems, which provided a
more in-depth description of experimental realization us-
ing three-dimensional topological charge pumps in cold
atomic systems.
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APPENDICES
I. METHOD FOR COMPUTING THE
DETERMINANT OF A SPECIAL TYPE OF
ANTISYMMETRIC MATRIX
In deriving Eq. 9 from the Pfaffian of Eq. 8 in the main text, we need to find the determinant of matrices of the
form
M =

0 −Xa1b1 −Xa1b2 · · · −Xa1bk −1 0 0 · · · 0
Xa1b1 0 −Xa2b2 · · · −Xa2bk 0 −1 0 · · · 0
Xa1b2 Xa2b2 0 · · · −Xa3bk 0 0 −1 · · · 0
...
...
...
. . .
...
...
...
...
. . .
...
Xa1bk Xa2bk Xa3bk · · · 0 0 0 0 · · · −1
1 0 0 · · · 0 0 Ya1b1 Ya1b2 · · · Ya1bk
0 1 0 · · · 0 −Ya1b1 0 Ya2b2 · · · Ya2bk
0 0 1 · · · 0 −Ya1b2 −Ya2b2 0 · · · Ya3bk
...
...
...
. . .
...
...
...
...
. . .
...
0 0 0 · · · 1 −Ya1bk −Ya2bk −Ya3bk · · · 0

. (48)
We will adopt a mathematical induction approach for
this computation, and exploit the the antisymmetry of
M and the symmetry between the indices of Xaibj and
Yaibj . First, we give the conditions that the expansion
of the determinant should satisfy:
◦ The expansion should be a perfect square.
◦ Xaibj and Yaibj should be symmetric and non-
interfering.
◦ There should not be any odd-ordered term in the ex-
pansion.
◦ Suppose the power of the expansion is m, and the di-
mensionality of the matrix is n = 2k (k is a nonnegative
integer,because obviously n is even), then
m =
{
2(k − 1), k is a nonnegative odd integer;
2k, k is a nonnegative even integer.
The first condition is based on the antisymmetry of the
matrix. As we know, the expansion of any antisymmetric
determinant must be a square of a polynomial [90] which
is called the Pfaffian of the matrix. And it’s apparent to
get the second condition by observing the characteristics
of this matrix, which proclaim that Xaibj and Yaibj are
symmetric to some extent. The expansion of the deter-
minant stays the same in the case of exchanging all the X
and Y with same indexes. Changing any elements of the
determinant will not influence the form of the other ele-
ments in the expansion. As for the third condition, there
has to be one zero at least in the odd-ordered terms, and
thus they will not exist in the expansion. The last condi-
tion are satisfied when k is even because apparently the
power of the expansion equals the dimensionality of the
matrix. To discuss the odd-k situation, we need to find
out why the highest order term vanishes.
Since the highest order term of the determinant will
not contain 1,−1 or 0 factors in its determinant expan-
sion, we can deduce that it is decided by these elements:
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
−Xa1b1 −Xa1bk
Xa1b1 −Xa2b2
Xa2b2
. . .
. . . −Xakbk
Xa1bk Xakbk
Ya1b1 Ya1bk
−Ya1b1 Ya2b2
−Ya2b2
. . .
. . . Yakbk
−Ya1bk −Yakbk

(49)
Hence we can find that there are just four ways to form
a highest order term. However, considering the definition
of determinant:
det(M) = εi1···ina1,i1a2,i2 · · · an,in (50)
where εi1···in is a Levi-Civita symbol, we can get these
four highest order terms h1, h2, h3 and h4, which have
the same absolute values:
|h1| = |h2| = |h3| = |h4|
= |Xa1bk(Xa1b1Xa2b2 · · ·Xakbk)Ya1bk(Ya1b1Ya2b2 · · ·Yakbk)|
(51)
and when k is even, these four terms are all nonnegative;
When k is odd, two of these four terms are nonnegative
which are the opposite number of the other two terms.
Thus it’s obvious that these four terms cancel each other
out, which causes the power of the matrices with an odd
k decreases accordingly.
Before giving the conjectured solution, we need to in-
troduce the concept of a general Levi-Civita symbol,
whose indices don’t have to be a permutation consisted
of continuous natural number. With
α1, α2, α3, · · ·αn ∈ N+
and p the parity of the permutation in the above se-
quence,
εα1α2α3···αn =
 1, p is even ;−1, p is odd;0, if any two indices are equal.
(52)
As we have established the four conditions that the ex-
pansion should satisfy, we shall now put forward the con-
jecture solution:
√
det(M)
= 1 +
1
2
Xα11β11Yα11β11 +
1
26
(εα21β21α22β22Xα21β21Xα22β22)× (εα23β23α24β24Yα23β23Yα24β24)
+ · · · · · · · · ··
+
1
24×b
n
4 c−2
(εα(bn
4
c,1)β(bn
4
c,1)α(bn
4
c,2)β(bn
4
c,2)···α(bn
4
c,bn
4
c)β(bn
4
c,bn
4
c)Xα(bn
4
c,1)β(bn
4
c,1)Xα(bn
4
c,2)β(bn
4
c,2) · · ·Xα(bn
4
c,bn
4
c)β(bn
4
c,bn
4
c))
× (εα(bn
4
c,bn
4
c+1)β(bn
4
c,bn
4
c+1)α(bn
4
c,bn
4
c+2)β(bn
4
c,bn
4
c+2)···α(bn
4
c,2bn
4
)cβbn
4
c,2bn
4
c)
Yα(bn
4
c,bn
4
c+1)β(bn
4
c,bn
4
c+1)Yα(bn
4
c,bn
4
c+2)β(bn
4
c,bn
4
c+2) · · · Yα(bn
4
c,2bn
4
)cβ(bn
4
c,2bn
4
c)) (53)
+ · · · · · · · · ·· ,
where n is the dimensionality of the original matrix
M and the set that consists of the indices of X equals
the one that consists of the indices of Y in the same
term. The reason why we leave an ellipsis behind the
whole expansion is that in fact, there exist infinite terms
in the expansion but the terms behind all vanish due
to the definition of Levi-Civita symbol, which means we
only need to calculate this formula to the order that we
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require, and αij and βij satisfy:
αij ∈ {ak}, βij ∈ {bk} (54)
Moreover,the elements of the matrix Xaibj satisfy:
Xaibj = −Xbjai (55)
and f(x) = bxc is the floor function.
Since we have allowed the dimensionality of the ma-
trix to be any arbitrarily large number, we shall employ
mathematical induction to prove that this expansion is
exactly the right one.
First, when n = 1, 2, 3, it’s apparent that the expan-
sion equals the determinants of the matrices involved.
Provided that the proposition is valid when n = k, for
n = k + 1 we have:
det(M) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −Xa1b1 −Xa1b2 · · · −Xa1bk −1 0 0 · · · 0
Xa1b1 0 −Xa2b2 · · · −Xa2bk 0 −1 0 · · · 0
Xa1b2 Xa2b2 0 · · · −Xa3bk 0 0 −1 · · · 0
...
...
...
. . .
...
...
...
...
. . .
...
Xa1bk Xa2bk Xa3bk · · · 0 0 0 0 · · · −1
1 0 0 · · · 0 0 Ya1b1 Ya1b2 · · · Ya1bk
0 1 0 · · · 0 −Ya1b1 0 Ya2b2 · · · Ya2bk
0 0 1 · · · 0 −Ya1b2 −Ya2b2 0 · · · Ya3bk
...
...
...
. . .
...
...
...
...
. . .
...
0 0 0 · · · 1 −Ya1bk −Ya2bk −Ya3bk · · · 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −Xa1b1 −Xa1b2 · · · −Xa1bk 0 −1 0 0 · · · 0 0
Xa1b1 0 −Xa2b2 · · · −Xa2bk 0 0 −1 0 · · · 0 0
Xa1b2 Xa2b2 0 · · · −Xa3bk 0 0 0 −1 · · · 0 0
...
...
...
. . .
...
...
...
...
...
. . .
...
...
Xa1bk Xa2bk Xa3bk · · · 0 0 0 0 0 · · · −1 0
0 0 0 · · · 0 0 0 0 0 · · · 0 −1
1 0 0 · · · 0 0 0 Ya1b1 Ya1b2 · · · Ya1bk 0
0 1 0 · · · 0 0 −Ya1b1 0 Ya2b2 · · · Ya2bk 0
0 0 1 · · · 0 0 −Ya1b2 −Ya2b2 0 · · · Ya3bk 0
...
...
...
. . .
...
...
...
...
...
. . .
...
...
0 0 0 · · · 1 0 −Ya1bk −Ya2bk −Ya3bk · · · 0 0
0 0 0 · · · 0 1 0 0 0 · · · 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(56)
which shows that when:
Xaibk+1 =Yajbk+1 = 0 (57)
i, j ∈ Z+, i ≤ k + 1, j ≤ k + 1
then:
det(M2k) = det(M2(k+1)) (58)
where Mn is a n-dimensional antisymmetric matrix de-
rived from zero-padding M when necessary. Apparently,
the determinants of Mn and M are equal. Hence we only
need to consider the extra terms that these new elements
in the matrix bring to the determinant. With that, the
expansion of det(M2(k+1)) must be of the form:√
det(M2k) =
√
det(M2(k+1)) + P (Xaibk+1 , Yajbk+1)
(59)
i, j ∈ Z+, i ≤ k + 1, j ≤ k + 1
where P (Xaibk+1 , Yajbk+1) is the polynomial that con-
tains Xaibk+1 and Yajbk+1 (i, j ∈ Z+, i ≤ k+1, j ≤ k+1).
Combined with the four rules we mentioned above, we
can calculate the k+ 1-th order determinant in this way:
first we keep the absolute values of all the new Y terms
be 1,and whether the specific term is positive or negative
depends on its location in the determinant. In our case,
the terms above the diagonal terms are positive and the
terms below the diagonal terms are negative, which is
like:
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −Xa1b1 −Xa1b2 · · · −Xa1bk −Xa1bk+1 −1 0 0 · · · 0 0
Xa1b1 0 −Xa2b2 · · · −Xa2bk −Xa1bk+1 0 −1 0 · · · 0 0
Xa1b2 Xa2b2 0 · · · −Xa3bk −Xa1bk+1 0 0 −1 · · · 0 0
...
...
...
. . .
...
...
...
...
...
. . .
...
...
Xa1bk Xa2bk Xa3bk · · · 0 −Xa1bk+1 0 0 0 · · · −1 0
Xa1bk+1 Xa1bk+1 Xa1bk+1 · · · Xa1bk+1 0 0 0 0 · · · 0 −1
1 0 0 · · · 0 0 0 Ya1b1 Ya1b2 · · · Ya1bk 1
0 1 0 · · · 0 0 −Ya1b1 0 Ya2b2 · · · Ya2bk 1
0 0 1 · · · 0 0 −Ya1b2 −Ya2b2 0 · · · Ya3bk 1
...
...
...
. . .
...
...
...
...
...
. . .
...
...
0 0 0 · · · 1 0 −Ya1bk −Ya2bk −Ya3bk · · · 0 1
0 0 0 · · · 0 1 −1 −1 −1 · · · −1 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(60)
Then we can expand the determinant according to the
definition. We know that the result we get is not the
general one, which is not easy to get. However consid-
ering the symmetry between X terms and Y terms, we
can get the general result by adjust the formula artifi-
cially, which means that we complement the formula to
a symmetric one. For instance, if we have got a term that
contains Xa1bk+1 , which might as well be named T1,k+1,
there must exists a term that contains exactly the same
elements as T1,k+1 except changing Xa1bk+1 into Ya1bk+1 .
Hence we can get:
P (Xaibk+1 , Yajbk+1) =
1
2
Xα11β11Yα11β11 +
1
26
(εα21β21α22β22Xα21β21Xα22β22)× (εα23β23α24β24Yα23β23Yα24β24)
+ · · · · · · · · ··
+ 1
24×b
k+1
4 c−2
(εα
(b k+1
4
c,1)β(b k+1
4
c,1)α(b k+1
4
c,2)β(b k+1
4
c,2)···α(b k+1
4
c,b k+1
4
c)β(b k+1
4
c,b k+1
4
c)
Xα
(b k+1
4
c,1)β(b k+1
4
c,1)
Xα
(b k+1
4
c,2)β(b k+1
4
c,2)
· · ·Xα
(b k+1
4
c,b k+1
4
c)β(b k+1
4
c,b k+1
4
c)
)
× (εα
(b k+1
4
c,b k+1
4
c+1)β(b k+1
4
c,b k+1
4
c+1)α(b k+1
4
c,b k+1
4
c+2)β(b k+1
4
c,b k+1
4
c+2)···α(b k+1
4
c,2b k+1
4
)cβb k+1
4
c,2b k+1
4
c)
Yα
(b k+1
4
c,b k+1
4
c+1)β(b k+1
4
c,b k+1
4
c+1)
Yα
(b k+1
4
c,b k+1
4
c+2)β(b k+1
4
c,b k+1
4
c+2)
· · · Yα
(b k+1
4
c,2b k+1
4
)cβ(b k+1
4
c,2b k+1
4
c)
) ,
where one of the indices of each term must be the addi-
tional (k+1)th index. Thus we can prove the correctness
of our conjectured solution. Back to the problem of the
modified phase-space density of states, we just need to
consider a matrix of the form

0 −Bxy −Bxs −Bxz −Bxw −Bxt −1 0 0 0 0 0
Bxy 0 −Bys −Byz −Byw −Byt 0 −1 0 0 0 0
Bxs Bys 0 −Bsz −Bsw −Bst 0 0 −1 0 0 0
Bxz Byz Bsz 0 −Bzw −Bzt 0 0 0 −1 0 0
Bxw Byw Bsw Bzw 0 −Bwt 0 0 0 0 −1 0
Bxt Byt Bst Bzt Bwt 0 0 0 0 0 0 −1
1 0 0 0 0 0 0 Ωxy Ωxs Ωxz Ωxw Ωxt
0 1 0 0 0 0 −Ωxy 0 Ωys Ωyz Ωyw Ωyt
0 0 1 0 0 0 −Ωxs −Ωys 0 Ωsz Ωsw Ωst
0 0 0 1 0 0 −Ωxz −Ωyz −Ωsz 0 Ωzw Ωzt
0 0 0 0 1 0 −Ωxw −Ωyw −Ωsw −Ωzw 0 Ωwt
0 0 0 0 0 1 −Ωxt −Ωyt −Ωst −Ωzt −Ωwt 0


x˙
y˙
s˙
z˙
w˙
t˙
k˙x
k˙y
k˙s
k˙z
k˙w
k˙t

=

Ex
Ey
Es
Ez
Ew
Et
∂E
∂kx
∂E
∂ky
∂E
∂ks
∂E
∂kz
∂E
∂kw
∂E
∂kt

, (61)
which we now know must have a Pfaffian given by Eq. 9.
17
II. DERIVATION OF 6D CURRENT DENSITY
AND TRANSPORT EQUATIONS FROM
THIRD-ORDER SEMI-CLASSICS
Here, we fill in the details of the derivation of Eq. 13,
specializing to D = 6 dimensions for concreteness. To
calculate the response current density of a filled band,
we set the integration (phase space) measure to be∫
T6 d
6kD(r,k), where D(r,k) is the modified phase-
space density of states, which we have derived in the
previous Appendix. In 6D, it is given by
D(r,k) =
1
(2pi)6
[
1 +
1
2
BµνΩ
µν +
1
64
(
εαβγδBαβBγδ
)
× (εµνλρΩµνΩλρ)+ 1
1024
(
εζηθτκξBζηBθτBκξ
)
× (εσωιφχψΩσωΩιφΩχψ)] , (62)
with µ = x, y, z, s, w, t. Combining this expression with
EOMs Eqs. 3 and 4 from the main text, we obtain, up to
third order,
jµ =
∫
Γ
d6k[r˙µD(r,k)] (63)
≈
∫
Γ
d6k
(2pi)6
[
vµ + EνΩ
µν +
(
EδΩ
γδBνγΩ
µν +
1
2
EνΩ
µνBδγΩ
δγ
)
+
(
vγBνγΩ
µν +
1
2
vµBγνΩ
γν
)
+
((
vαBδαΩ
γδ +
1
2
vγBδαΩ
δα
)
BνγΩ
µν +
1
64
vµ(ε
αβγδBαβBγδ)(εξνλρΩ
ξνΩλρ)
)
+
(
1
64
EνΩ
µν
(
εαβγδBαβBγδ
)× (εθνλρΩθνΩλρ)+ 1
2
EδΩ
γδBνγΩ
µνBβθΩ
βθ + EβΩ
αβBδαΩ
γδBνγΩ
µν
)
+
(
1
1024
vµ
(
εζηθτκξBζηBθτBκξ
)× (εσωιφχψΩσωΩιφΩχψ)+ 1
64
vγBνγΩ
µνvµ
(
εαβγδBαβBγδ
)× (εξνλρΩξνΩλρ)
+
1
2
BβθΩ
βθvαBδαΩ
γδBνγΩ
µν + vθBβθΩ
αβBδαΩ
γδBνγΩ
µν
)]
, (64)
The first term disappears unless the Fermi surface ∂Γ
is non-vanishing, because
∫
Γ
d6k vµ is a total differential.
The second term simply gives the 1st Chern number re-
sponse. The next set of terms can be shown to mostly
cancel off due to antisymmetry of both the magnetic field
and the Berry curvature, except for 2nd Chern number
response term:∫
Γ
d6k
(2pi)6
(
EδΩ
γδBνγΩ
µν +
1
2
EνΩ
µνBδγΩ
δγ
)
→ 1
2
C2
(2pi)4
εµαβνEνBαβ , (65)
if Γ = T6. The following set of terms turns out to eval-
uate to zero by virtue of Bianchi’s identity [91], unless
there is a non-vanishing Fermi surface ∂Γ:∫
Γ
d6k
(2pi)6
(
vγBνγΩ
µν +
1
2
vµBγνΩ
γν
)
=
∫
Γ
d6k
(2pi)6
E
(
∂Ωνγ
∂kµ
+
∂Ωγµ
∂kν
+
∂Ωµν
∂kγ
)
Bνγ = 0 (66)
The next set of terms∫
Γ
d6k
(2pi)6
[(
vαBδαΩ
γδ +
1
2
vγBδαΩ
δα
)
BνγΩ
µν
+
1
64
vµ(ε
αβγδBαβBγδ)× (εξνλρΩξνΩλρ)
]
. (67)
can be shown to also disappear unless there is a Fermi
surface i.e. Γ 6= T6. We write the integrand as
vµ × 1
64
∑
i
|εµαβγδ|εαβγδBαβBγδΩ∗i (αβγδ) (68)
where we have defined a new function Ω∗ for ease of no-
tation:
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Ω∗i(α,β,γ,δ) =
 ε
Pi1Pi2Pi3Pi4ΩPi1Pi2ΩPi3Pi4 , εPi1Pi2Pi3Pi4 6= 0;
0, εPi1Pi2Pi3Pi4 =0
P is the matrix of permutations of α, β, γ and δ, i.e.
P (α, β, γ, δ) =

α β γ δ
α β δ γ
α γ β δ
α γ δ β
α δ β γ
α δ γ β
β α γ δ
β α δ γ
β γ α δ
β γ δ α
β δ α γ
β δ γ α
γ α β δ
γ α δ β
γ β α δ
γ β δ α
γ δ α β
γ δ β α
δ α β γ
δ α γ β
δ β α γ
δ β γ α
δ γ α β
δ γ β α

(69)
Together, all the terms of this set form the non-
topological current contribution jsurf in the main text.
With the above analysis, one sees that although it has a
complicated form, it turns out to be zero under certain
circumstances. For instance, if the energy E is an even
function of k, each term in the integral will be zero. Also,
using the setup in our main text, we find this term turns
out to be:
jzsurf =
∫
Γ
d6k
(2pi)6
(vxBxwBytΩ
stΩyw) (70)
jssurf =
∫
Γ
d6k
(2pi)6
(vtBxwBytΩ
xzΩyw) (71)
jxsurf =j
y
surf = j
w
surf = j
t
surf = 0 (72)
where jzsurf and j
s
surf turns out to be zero after integrat-
ing, too.
The next set of terms∫
Γ
d6k
(2pi)6
(
1
64
EνΩ
µν
(
εαβγδBαβBγδ
)× (εθνλρΩθνΩλρ)
+
1
2
EδΩ
γδBνγΩ
µνBβθΩ
βθ + EβΩ
αβBδαΩ
γδBνγΩ
µν
)
can also be simplified using the antisymmetry of the mag-
netic field strength (Bγν = −Bνγ) and the Berry curva-
ture (Ωγν = −Ωνγ), and consequently for a vanishing
Fermi surface reduces to
1
8
C3
8pi3
εµαβδγνEνBαβBδγ (73)
where C3 is the 3rd Chern number as defined in the main
text. The final group of terms∫
Γ
d6k
(2pi)6
(
1
1024
vµ
(
εζηθτκξBζηBθτBκξ
)× (εσωιφχψΩσωΩιφΩχψ)
+
1
64
vγBνγΩ
µνvµ
(
εαβγδBαβBγδ
)× (εξνλρΩξνΩλρ)
+
1
2
BβθΩ
βθvαBδαΩ
γδBνγΩ
µν + vθBβθΩ
αβBδαΩ
γδBνγΩ
µν
)
.
(74)
fortuitously all cancel to zero by virtue of the antisym-
metry of the magnetic field and of the Berry curvature in
6D, reminiscent of the jsurf terms which cancel totally
in 4D due to the same symmetries. We conjecture that
this final set of terms will contribute to a higher jsurf
in dimensions greater than 6, although proving that be-
comes rather tedious. Combining all the above results,
we obtain the expressions in Eqs. 13 and 17 in the main
text.
